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The  differential  equations  for  the  geometric  layout of com- 
pression-loaded  axisymmetric  and  cylindrical  two-family  filamen- 
tary  structures  are  established.  The  analytical  formulation  is 
based  upon  the  requirement  that  failure  due  to  local  instability 
occurs  simultaneously  in  the  whole  structure. 
Solutions  are  obtained  for  the  particular  case  where  the  body 
force  due  to  the  structure's own weight  is  the  only  load.  For 
this  special  case,  the  shapes of the  meridian  and  the  cross sec- 
tion,  respectively,  have  been  determined,  as  well  as  The  pattern 
of the  filaments. In addition,  the  weight  per  area  covered by 
the  structure  is  formulated  and  discussed.  Minimum-weight 
configurations  are  defined.  Examples  for  large  earth-based  and 
moon-based  structures  are  presented. 
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INTRODUCTION 
Among high-performance s t r u c t u r e s  m a x i m u m  economy of material 
i s  o f t en  ob ta ined  b y  a des ign  in  which  a l l  s t r u c t u r a l  components 
f a i l  s i m u l t a n e o u s l y  a s  t h e  s t r u c t u r e  i s  s u b j e c t e d  t o  a unique 
u l t i m a t e  l oad ing   cond i t ion .  Examples  of  such s t r u c t u r e s  are t h e  
uniformly s t ressed Maxwell-Michel l  type networks,  isotropical ly  
stressed s t r u c t u r a l  "soap-film" membranes, un i fo rmly  s t r e s sed  
f i lamentary  network s t ruc tures  (" i so tensoids")  (Refs .  1, 2 ) ,  and 
the  "Shanley tube"  (Ref. 3 ) ,  which i s  d e s i g n e d  t o  f a i l  s i m u l t a n -  
e o u s l y  i n  a l o c a l  a n d  g e n e r a l  i n s t a b i l i t y  mode. 
Analogously t o  t h e  i s o t e n s o i d s ,  s t r u c t u r e s  can be found 
which are uniformly  compressed.  These  "isocompressoids'l are t h e  
sub jec t   o f  a recent   s tudy   (Ref .  4 ) .  However,  under  compressive 
l o a d s ,  f a i l u r e  o f  t h e  s t r u c t u r e  due t o  i n s t a b i l i t y  may occur long 
before   the   compress ive  stress l i m i t  i s  reached. The  p r e s e n t   r e p o r t  
t reats  t h i s  s t a b i l i t y  problem from a s t andpo in t  of  buck l ing  o f  t he  
i n d i v i d u a l   s t r u c t u r a l  m e m b e r s .  Hence, t h e   a n a l y t i c a l   d e s i g n  con- 
d i t i o n  imposed upon t h e  s t r u c t u r e  i s  tha t  each  e lement  buckle  as  
an E u l e r  column between network nodes upon r each ing  the  des ign  
u l t i m a t e  load. The t e r m  " i s o s t a b i l o i d "  i s  used t o   d e s c r i b e   t h e  
f i l amen ta ry  s t r u c t u r a l  c o n f i g u r a t i o n s  s a t i s f y i n g  t h i s  c o n d i t i o n .  
Th i s  ana lys i s  dea l s  w i th  ax i symmet r i c  and  cy l ind r i ca l  conf ig -  
ura t ions  wi th  ax isymmetr ic  (or  un i form a long  the  length)  loadings .  
I n  e i t h e r  c a s e  n o  c i r c u m f e r e n t i a l  ( o r  l e n g t h w i s e )  l o a d i n g s  are 
considered.  The i n f l u e n c e s   o f   g e n e r a l   i n s t a b i l i t y   a r e   r e c o g n i z e d  
b u t  o n l y  b r i e f l y  discussed. 
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c r o s s - s e c t i o n a l  area of a s ing le  rod  
= s i n  p 
b u c k l i n g  e n d - f i x i t y  c o e f f i c i e n t  
2 
a 
t u b e  diameter  
d imens ions  o f  pa r t i cu la r  S in t e s  column (Fig.  13)  
e l a s t i c i t y  modulus 
weight  form factors  
stress form f a c t o r s  
f o r  g r a v i t y - l o a d e d  i s o s t a b i l o i d s  
f o r  g r a v i t y - l o a d e d  i s o s t a b i l o i d s  
g r a v i t a t i o n a l  a c c e l e r a t i o n  
= s i n  f~ 2 
moment o f  i n e r t i a  o f  r o d  c r o s s  s e c t i o n  
cu rva tu re  a t  apex of s t r u c t u r e  in  nondimensional  
coord ina te s  
s t i f f n e s s  form f a c t o r  o f  r o d  c r o s s  s e c t i o n  (= 5)  
mass per  un i t  p lanform area o f  g r a v i t y - l o a d e d  i s o s t a b i l o i d s  
number of 
number of 
number of 
f i l amen t s  i n  each  f ami ly  
r o d  s e c t i o n s  i n  e a c h  f i l a m e n t  
u n r e s t r a i n e d  f i l a m e n t  i n t e r s e c t i o n s  
e x t e r n a l  m e r i d i o n a l  l o a d  p e r  u n i t  s u r f a c e  a r e a  
ex te rna l  no rma l  load  pe r  un i t  su r f ace  area 
loca l  buck l ing  load  of rod  
number o f  m e r i d i o n a l  n o d e  l i n e s  i n  g e n e r a l  f a i l u r e  mode 
of ax isymmetr ic  she l l s  
2 
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0 
r a d i a l  c o o r d i n a t e  
nondimens iona l  rad ia l  coord ina te  in  grav i ty- loaded  
ax i symmet r i c   s t ruc tu re  (see Eq.  5) 
spac ing  of f i l a m e n t s  a t  per imeter  
w a l l  t h i ckness  
w i d t h w i s e  c o o r d i n a t e  i n  c y l i n d r i c a l  s t r u c t u r e s  
nondimensional  widthwise coordinate  in  gravi ty- loaded 
c y l i n d r i c a l  s t r u c t u r e s  (see Eq. 7 )  
a x i a l  c o o r d i n a t e  i n  c y l i n d r i c a l  s t r u c t u r e s  
nondimens iona l  ax ia l  coord ina te  in  grav i ty- loaded  
c y l i n d r i c a l  s t r u c t u r e s  (see Eq. 7 )  
v e r t i c a l  c o o r d i n a t e  
nond imens iona l  ve r t i ca l  coord ina te  in  g rav i ty - loaded  
axisymmetric s t r u c t u r e s  (see Eq.  5)  
nond imens iona l  ve r t i ca l  coord ina te  in  g rav i ty - loaded  
c y l i n d r i c a l  s t r u c t u r e s  (see Eq.  7 )  
angle  be tween mer id ian  and  ver t ica l  
angle  between meridian and f i lament  
l eng th  of fi lament between two i n t e r s e c t i o n s  
d e n s i t y  of r o d  m a t e r i a l  
stress 
S u b s c r i p t s :  
...- va lues  a t  apex of c y l i n d r i c a l  s t r u c t u r e s  
.I.. va lues  a t  r i m  of s t r u c t u r e  
a 
0 
3 
BASIC  RELATIONS 
Axisymmetr ic  I sos tab i lo id  
Consider an axisymmetric s t r u c t u r e  c o n s i s t i n g  o f  two famil-  
i es  o f  i n t e rconnec ted  rods  a s  t he  load -ca r ry ing  pa r t s ,  and  b u i l t  
i n  such  a way tha t  t he  a r r angemen t  pa t t e rn  o f  one  f ami ly  o f  rod  
t r a j e c t o r i e s  i s  t h e  r e f l e c t e d  image o f   t he   o the r   f ami ly .  The rod 
t r a j e c t o r i e s  a r e  r e f e r r e d  t o  a s  " f i l a m e n t s " ,  i n d i c a t i n g  t h a t  t h e s e  
may be c o n t i n u o u s  s t r u c t u r a l  members, connec ted  to  o the r  f i l amen t s  
a t  l o c a l i z e d  p o i n t s  of i n t e r s e c t i o n .  
L e t  n be t h e  number o f   f i l amen t s   i n   each   f ami ly ;   t hen   t he  
length of  an element ,  A& , between  two i n t e r s e c t i o n s  i s ,  w i t h  t h e  
no ta t ion  o f  F igu re  1, 
A& =-" 1 2 m  1 
2 n s i n 6  
A s s u m e  t h a t  a l l  rods  are of t h e  same c r o s s  s e c t i o n  a n d  
material; t h u s   t h e   b e n d i n g   s t i f f n e s s ,  E 1  , i s  a cons t an t .  L e t  
ano the r  cons t an t ,  C , be t h e  e n d - f i x i t y  c o e f f i c i e n t  f o r  t h e  
s ing le   rod   e lement .   This   parameter   var ies   f rom  one   to   four  as 
t h e  e n d  f i x i t y  i n c r e a s e s  from  pinned t o  clamped. I f  t h e  r o d s  
are  s u f f i c i e n t l y  s l e n d e r ,  t h e n  t h e  f o r c e  i n  t h e  f i l a m e n t  c a u s i n g  
f u l l y  e l a s t i c  loca l  buck l ing  can  be w r i t t e n  a s  
o r ,  from Eq .  (1) 
s i n  6 2 2  P =  cr 2 r 
A s s u m e  t h a t   t h e   l o a d i n g  is axisymmetric. Then  two e q u i l i -  
brium equat ions  can  be w r i t t e n .  
4 
L e t  pm and  pn be t h e   e x t e r n a l   o a d s   p e r   u n i t   s u r f a c e  
a r e a  o f  t h e  s t r u c t u r e  i n  the  mer id iona l  and  the  normal  d i rec-  
t i o n s ,   r e s p e c t i v e l y ,   a s  shown i n   F i g u r e  1. Also ,  l e t  P be t h e  
compress ive   fo rce   i n   t he   f i l amen t .  Now, examine  the  f i lament  
between  two i n t e r s e c t i o n s  w i t h  f i l a m e n t s  of the  o the r  f ami ly .  
The c o r r e s p o n d i n g  s u r f a c e  a r e a  h a s  t h e  s i z e  -- nr  Ar 
n s i n a  and i s  
t r ave r sed   d i agona l ly   by   t he   f i l amen t   s ec t ion ,  Ad . Equi l ibr ium 
r e q u i r e s  t h a t  i n  t h e  d i r e c t i o n  of t he  z -ax i s  
A(P cosu C O S R )  - p, sins cosa .+ p - - nr  A r  s i n a  = 0 n n s i n a  
Tsr A r  
"
and i n  t h e  r a d i a l  d i r e c t i o n  
A(P  s i n a  c o s @ )  - P s i n @  A r  tang - 1 - " nr O r  s i n a  s i n a  r 'm n s i n a  
- I I L  L1L " 
'n n s i n a  cosa  = 0 
Dividing  by A r  and   assuming  tha t   the   f i l aments  a re  s u f -  
f i c i e n t l y  c l o s e l y  s p a c e d  t h a t  t h e  d i f f e r e n c e  q u o t i e n t  c a n  be 
rep laced  by  the d e r i v a t i v e s ,  y i e l d s  
- ( P  cosa  cosp)  - c o t a  + p - = o  d n r   n r  dr  Pm F n n  
d 
dr  
(P s ina  cosp )  - P sinR t a n @  n r  nr  r s i n a  pm n 'n T - c o t a  = 0 
I n  o r d e r  t o  f i n d  a more convenient second equilibrium equa- 
t i o n ,  t h e  f i r s t  one i s  mul t ip l ied   by   cosa   cosp  , the second  one 
by   s ina   cosp  , and  the  results a r e  summed: 
"- dP s i n 8  _4_ 
d r  r d r  Pm T s i n a  ( P r  s i n p )  - n r c o s B =  0 
5 
L 
It i s  now p o s t u l a t e d  t h a t  a t  u l t i m a t e  loading the compres-  
s i v e  f o r c e ,  P , r e a c h e s  t h e  l o c a l  f u l l y  e las t ic  buck l ing  load  
everywhere   in   the   s t ruc ture .   Thus ,  P i s  rep laced   by  P 
from Eq. ( 2 )  : cr 
2 
c E 1  n2 ( s i n  f3 cos8 cosu TT ) - P m n  - r c o t a f p  - r = O  i-r r 2 n n  
Some manipula t ion  y ie lds  a form convenient for  subsequent use :  
. 
d ( s i n  @ cos2@ COS a ) 2rr Pm s i n  p cos@  cos  a 4 2 2 2 - - 
d r  ! 4 ' C E I n  3 r s i n a  r 
4 2rr Prn s i n  P cosp - 2 
3 r s i n a  
s i n  p 
d r  
- 
r r C E1 n 
These two equa t ions  a l low the  de t e rmina t ion  of the complete  
geometry of the s t r u c t u r e  i n  terms of the  load ing  and t h e  s e c t i o n  
p r o p e r t i e s  of the  rods .  
C y l i n d r i c a l  I s o s t a b i l o i d s  
A c y l i n d r i c a l  case, such as  i s  shown i n  F i g u r e  5,  can be 
construed as t h e  l i m i t  o f  an  annular  type  of axisymmetric s t r u c -  
t u r e  w i t h  i n d e f i n i t e l y  i n c r e a s i n g  r a d i u s .  
The d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  g e o m e t r y  of c y l i n d r i c a l  
6 
i s o s t a b i l o i d s  c a n  t h e r e f o r e  be d e r i v e d  d i r e c t l y  from t h e  e q u a t i o n s  
fo r  axisymmetric s t r u c t u r e s ,  E q s .  ( 3 1 ,  b y  s u b s t i t u t i n g  ( r l  + x) 
f o r  r and l e t t i n g  r approach  inf ini ty .   Consequent ly   dr be- 
comes dx , and  the   spac ing   of   f i l aments  
l 
is  in t roduced .  The l i m i t i n g  p r o c e s s  y i e l d s  t h e  basic equat ions  
f o r  t h e  c y l i n d r i c a l  i s o s t a b i l o i d :  
S 
3 2 
+ P n  2 s i n  @ cos@ cosa = 0 
4rr C E1 
d 4 2 - ( s i n  B cos P )  - P, 
dx 
3 
S 
4rr C E1 s i n a  
GRAVITY LOADING 
C o n s i d e r  t h e  s t r u c t u r e  t o  be s u b j e c t  t o  i t s  own we igh t  w i th  
t h e  d i r e c t i o n  of t h e  g r a v i t a t i o n a l  f o r c e  i n  t h e  z - d i r e c t i o n ,  a n d  
w i t h  g as the g r a v i t a t i o n a l   a c c e l e r a t i o n .  Let p be t h e   d e n s i t y  
of t h e  r o d  material and A be t h e  c o n s t a n t  c r o s s - s e c t i o n a l  area. 
Then, the  l o a d s  p e r  u n i t  s u r f a c e  area in  the  mer id iona l  and  no rma l  
d i r e c t i o n  are,  r e s p e c t i v e l y ,  
P m = P 9 - A z  - n  COS^ cos  $ 
P n -  P g A ;  
- " n s i n a  
cosp 
Eqs. ( 3 )  become 
4 2 
P i n  @ cos 
B cos2a)- p q A s i n  2 B c o t a  
d r  4 2 2 = o  r C E 1  n r 
d 
d r  
q A s i n  2 p c o t a  = 
C E 1  n r 
2 2 
In t roducing  nondimens iona l  coord ina tes ,  
and  def in ing  a v a r i a b l e  
2 h = sin $ 
8 
yields  the  differential  equations  for  the  geometry  of  a  gravity- 
loaded  axisymmetric  isostabiloid 
A parallel  procedure  can  be  applied  to  the  cylindrical  con- 
figuration. If the  lengthwise  coordinate  is  defined as y , the 
appropriate  nondimensionalization  is 
2 - A s  x =  2 X 4n C E1 
2 - 
y , P 9 A s  
2 Y 
4rr C E1 
2 - 
z =  p g A s  
4n C E1 
2 z 
The  resulting  differential  equations for  the  gravity-loaded  cylin- 
crical  isostabiloid  are: 
d [h  (l-h) cos a] - 2h  cota = 0 
dx 
2 2 
- 
d [h  (l-h)] - 2h  COta = S O  2 _. - 
dx 
9 
Domes 
Equat ions (6 )  have t o  be solved  numerical ly .  B e c a u s e  c losed  
dome-shaped i s o s t a b i l o i d s  are o f  m o s t  i n t e r e s t ,  e f f o r t s  are con- 
c e n t r a t e d  on t h i s  t y p e  o f  s o l u t i o n .  The equa t ions  are c l e a r l y  
s i n g u l a r  a t  R = 0 , a n d  c a r e f u l  a t t e n t i o n  m u s t  be g i v e n  t o  t h e  
behav io r  o f  t he  so lu t ion  a t  t h i s  p o i n t .  The d i f f e r e n t i a l  e q u a t i o n  
of  the meridian i s  
dZ - = c o t a  dR 
If domes e x i s t ,   t h a t  i s ,  i f  a = 90’ f o r  R = 0 , it m u s t  be 
poss ib l e   t o   deve lop   t he   mer id i an ,  Z , and  consequent ly   co ta ,  as 
w e l l  as h i n  power series i n  R: 
W 
c o t a  =x h i  R~ 
i = O  
B y  a p p l y i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  ( 6 )  t o  t h e s e  ser ies  
it can be shown t h a t  t h e r e  i s  a unique  so lu t ion  
cotU = XIR + O ( R  ) 3 
h = h R  + O ( R )  2 4 
2 
and t h a t  - 1 ” h2 
The mer id iona l  shape  nea r  t he  cen te r ,  t he re fo re ,  becomes 
x1 2 
Z = Z   + - R  
0 2  
10 
I 
Thus X1 represents   the   nondimens iona l   curva ture   o f   the   mer id ian  
a t  the  apex.  C a l l  it k . 
F o r  t h e  p u r p o s e  o f  n u m e r i c a l  i n t e g r a t i o n  t h e  d i f f e r e n t i a l  
equa t ions  ( 6 )  are r e w r i t t e n  as 
2 . 3  da  h C O t U  - R 
d R  Rh ( 1-h) 
"- 
dh h(2-h)  + R C O t a  3 
" - 
d R  3 R(l - 5 h )  
and t h e  f i r s t  t e r m  approximations 
c o t a  = k R 
h = L R 2  
k 
Z = Z  + & R 2  0 2  
a r e  u s e d  t o  s t a r t  t h e  p r o c e s s .  
In  the  cour se  o f  i n t eg ra t ion  the  independen t  va r i ab le  i s  
switched from R t o  h i n   o r d e r   t o   a v o i d  a d i v i s i o n  by ze ro  
when h r e a c h e s   t h e   v a l u e  o f  2/3. This   va lue  i s  s i g n i f i c a n t  
because the mer id ian   ends   there  (%A& - - 0). Thus, on a 
closed-dome  axisymmetr ic   isostabi loid,   the   f i lament   angle ,  (3 , 
can vary only between Oo and 54.74O. 
Because of  the  c losed-dome spec i f ica t ion ,  the  f i lament  pa th ,  
p ( R )  , and  the  meridional   shape,  . a ( R )  , consequent ly  also Z ( R )  
and  the  he ight - to-semispan  ra t io ,  zo / ro  , are comple te ly  def ined  
i f  the  nondimens iona l  curva ture  a t  the  apex ,  k , and the termina- 
t i o n  o f  the i n t e g r a t i o n ,  
0 '  Ro U. o r  po , are s e l e c t e d .  
For example,  Figure 2 shows s ide  and  top  views of a dome- 
s h a p e d  i s o s t a b i l o i d ,  s p e c i f i e d  b y  t h e  curvature,  k = 2 , and 
11 
t h e  f i l a m e n t  a n g l e  a t  t h e  r i m ,  = 54.74O. 
BO 
The nondimensional  curvature  a t  the  apex ,  k , is  an  inde,- 
pendent   design  parameter .  It i s  needed  for  the  numer ica l  eva lua-  
t i o n ,  b u t  it provides  little i n f o r m a t i o n  a b o u t  t h e  s t r u c t u r a l  
conf igu ra t ion .   Fo r   t he   s e l ec t ion   o f  a p a r t i c u l a r  dome, t h e r e f o r e ,  
a  more p r a c t i c a l  d e s i g n  p a r a m e t e r ,  t h e  h e i g h t - t o - s e m i s p a n  r a t i o ,  
Zo/ro 
, is  p l o t t e d  i n  F igure  3 v e r s u s  t h e  i n t e g r a t i o n  l i m i t ,  R 
0 
w i t h  k a s   p a r a m e t e r .   I n   a d d i t i o n ,   t h e   v a l u e s  of 
corresponding  to   each  combinat ion  of  R and k are i n d i c a t e d  
by  l i nes  o f  cons t an t  va lue .  The re fo re  F igu re  3 i s  a d e s i g n  c h a r t  
f o r  dome-shaped i s o s t a b i l o i d  c o n f i g u r a t i o n s  because now any 
desired  combinat ion of the  parameters ,  a I , Ro I zo/ro , and 
k , c a n  be picked t o  select  a unique  conf igura t ion .  
aO and Bo 
0 
As an  example, domes w i t h  a he ight - to-semispan  ra t io ,  Zo’ro 
= 1, 2 ,  and 3 ,  and = 54.74” are seen t o  be cha rac t e r i zed  by  
k-values   of   approximately 3 ,  6,  and 10 ,  r e s p e c t i v e l y .  T h e i r  
meridians have been computed and are shown i n  a normalized form 
i n  F i g u r e  4. 
8 0  
Tunnels  
F o r  t h e  c y l i n d r i c a l  c o n f i g u r a t i o n ,  a t t e n t i o n  i s  d i r e c t e d  t o  
s ingly-connected  tunnel- type  shapes.   Equat ions (8 )  can be re- 
w r i t t e n  a s  
d ( h’ (1-h) s i n  a) = 0 
dX 
2 
- 
d (h’ (1-h))  - 2h c o t a  = 0 
dfi 
The f i r s t  d i f f e r e n t i a l  e q u a t i o n  c a n  b e  i n t e g r a t e d  t o  y i e l d  
2 b2 (1-b) s i n  a = 
h2 (1-h) 
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2 where b = s i n  pa a t  the   apex ,   where  a = ~ / 2  . S u b s t i t u t i o n  
i n t o  t h e  s e c o n d  e q u a t i o n  y i e l d s  
o r  
h2 ( 1-h) - b ( G b )  2 
I f  t h e  i n t e g r a t i o n  s t a r t s  a t  h = b , t u n n e l s  c l o s e d  a t  t h e  
apex are  produced because the t sign i n  t h e  d i f f e r e n t i a l  e q u a t i o n  
impl i e s  a  symmetry w i t h  r e s p e c t  t o  t h e  o r i g i n  of the X-coordinate.  
The c r o s s - s e c t i o n a l  
p a t t e r n  of t h e  f i l a m e n t s  
dZ = c o t a  ax - 
and 
dY = s i n a  
shape of the  cy l inder  and  the  lengthwise  
are determined b y  t h e  two equa t ions  
= + (1 - - h)  dh 3 
2 - 
h3'2 (1 - 5 h )  3 
= +  - dh 
2 h (1-h) - b (1-b) 2 
The polynomial under the 
u l a s   f o r  d?? and dT can be w r i t t e n  a s  
r a d i c a l  i n  the denominator of the form- 
h (1-h) - b (1-b) = (a-h)  (h-b) (h-c) 2 2 
where 
13 
and c = -  (1- 
1-b 
2 
- 
Now t h e   c o o r d i n a t e s ,  X and Y I can be w r i t t e n  i n  terms o f  e l l i p -  
t i c  i n t e g r a l s  
- 
whi le  
- 
Y =  ,/ (a-h)  (h-b)  (h-c)’ 
h 
z = / ’  (1” 2 h) dh 
dh 
b 
Note t h a t  a and b are   xchangeable ,  and t h a t   f u r t h e r -  
more a = b f o r  b = 2/3 . B u t  t h i s ,   t o o ,  i s  the   po in t   where  X 
and 2 r e v e r s e   t h e i r   d i r e c t i o n s  i n  t h e  i n t eg ra t ion .   The re fo re ,  
a g a i n ,   a t  h = 2/3 t h e  r i m  i s  reached.  For  values  of b 
smal le r   than  2/3 , t he   f i l a inen t   ang le ,  j3 , increases   f rom i ts  
v a l u e  a t  t h e  a p e x ,  t o  54.74OI w h i l e   f o r  b la rger   than   2 /3 ,  
p decreases   f rom  the  apex t o  t h e  r i m .  
- 
- 
@ E l  
An i nves t iga t ion  o f  t he  nond imens iona l  cu rva tu re  a t  t he  
apex, k , shows t h a t  
d 2 z  d ( c o t a )  dh 1 
dX 
dh dx 
k = - -  - ” - 
-2 - b (1-b) 
and therefore  can never  be smaller than 4.  
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As i n  t h e  dome s t ruc tu re ,  t he  geomet ry  o f  t he  tunne l  is 
d e t e r m i n e d  b y  s p e c i f y i n g  t h e  b e h a v i o r  a t  t h e  a p e x  (it i s  B 
b , o r  k whichever  form i s  p re fe r r ed )  and  the  end  of t h e  a '  
i n t e r g r a t i o n  (a , or  X, ).  For  example,   Figure 5 shows 
a n  i s o m e t r i c  p r o j e c t i o n  o f  a c y l i n d r i c a l  i s o s t a b i l o i d  s p e c i f i e d  
b y  t h e  t w o  v a l u e s  o f  t h e  f i l a m e n t  a n g l e ,  8: 30" a t  the  apex  
( e q u i v a l e n t   t o  b = 0.25 o r  k = 5 . 3 3 3 )  and  54.74" a t  t h e  r i m .  
0 '  0 
F i g u r e s  6 and 7 p r e s e n t  t h e  d e s i g n  c h a r t s  f o r  t h e  c o n f i g u r a -  
t i o n  o f  c y l i n d r i c a l  i s o s t a b i l o i d s ,  w i t h  f i l a m e n t  a n g l e s  a t  t h e  
apex, Ba 8 s m a l l e r   t h a n  54.74" i n   F i g u r e  6 a n d   l a r g e r   t h a n  
54.74' i n  F i g u r e  7 .  Aga in ,   f rom  th i s   cha r t   t he   des ign   pa rame te r s  
are chosen  wh ich  pe r t a in  to  c ros s - sec t ions  o f  t unne l s  w i th  a 
he ight - to-semispan   ra t io ,  zo /xo  , of 1, 2, and 3 ,  shown i n  
F i g u r e  8. 
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MASS OF THE GRAVITY-LOADED STRUCTUmS 
Because gravi ty  is t h e  o n l y  e x t e r n a l  l o a d , t h e  mass of t h e  
s t r u c t u r e  can be de termined  f rom the  forces  exer ted  upon the edge 
s u p p o r t .   E a c h   f i l a m e n t   c o n t r i b u t e s   t o   t h e   t o t a l   v e r t i c a l   l o a d  
the  amount,  P cosa  cos,po , where P i s  def ined   by  Eq. ( 2 ) .  
Thus t h e  a v e r a g e  s t r u c t u r a l  mass p e r  u n i t  p l a n f o r m  a r e a ,  m , is, 
f o r  domes, 
cr 0 cr 
2n Pcr cosao  cos@ 
0 
m =  2 '  
and for  tunnels ,  
2 P COSU cos@ cr m =  0 0 
s 9 x. 
L e t  t h e  moment o f  i n e r t i a  of t h e  i n d i v i d u a l  s t r u c t u r a l  
m e m b e r  be r e l a t e d  t o  i t s  a r e a  b y  the formula 
I = K  A 2 f 
where i s  a shape   fac tor .  Also r e p l a c e  by Eq .  ( 2 ) ,  then 
f o r  domes, 
Kf 'cr 
and for  t u n n e l s ,  
m =  
817 C E Kf A 2 2 2 
s i n  @ 
0 
cos  p 
0 
cosa 
0 
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Now, from Eq .  ( 5 ) ,  f o r  domes, 
A =  
C E K f n  
Also, from Eq. ( 7 )  , f o r  t u n n e l s ,  
2 X 
P g s  0 A =  - 
4n C E Kf 2 xO 
I f   t h e s e   e x p r e s s i o n s   f o r  A are   subs t i tu - : . . ed   in to  t h e  appro- 
pr ia te  formulas  for  mass ,  and  t h e  s p a c i n g  a t  t h e  r i m  of t h e  dome 
2n ro 
s = -  
0 n 
i s  in t roduced ,  t he  fo l lowing  resu l t s  a r e  o b t a i n e d .  
For  domes, 
2 
g s o  0 
2 f D  
r 
m =  
n C E K f  
a n d  f o r  t u n n e l s ,  
2 
P 9 s x o  
m =  
2 f T  n C E K f  
The func t ions ,   fD   and  f T  , a r e   e x p r e s s e d   i n   t e r m s   r e l a t e d   t o  
t h e  s t r u c t u r a l  c o n f i g u r a t i o n  a l o n e  a n d ,  t h e r f o r e ,  a r e  c a l l e d  
weight  form fac tors :  
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s i n  @ cos@  COS^ 
- 0 
6 
2 
0 0 
f D  - R 
0 
s i n  $ cos@  COS^ 2 
- 
f T  - 
0 0 0 
2E 
0 
They a r e  p l o t t e d  i n  F i g u r e  9 versus  the  he ight - to-semispan  
o r  .z  /xo , with   the   nondimens iona l   rad ius   o f   the  r a t i o  
dome, and the  nondimensional   semispan  of   the  tunnel ,  X 
r e s p e c t i v e l y ,   a s   p a r a m e t e r   ( f u l l   l i n e s ) .   F o r   e a s i e r   i n t e r p r e t a -  
t i on ,   l i nes   o f   cons t an t   k -va lues   a r e   a l so   i nd ica t ed   (dashed)   i n  
t h e  two graphs.  
zo/ro 
Ro 
0 - 
I t  has  been  found above  tha t  for  cons tan t  k-va lues  the  
f i l a m e n t   a n g l e   a t   t h e  rLm, Bo , i n c r e a s e s   o r   d e c r e a s e s   s t e a d i l y  
with  growing Ro- and Xo- values .   Consequent ly ,   Figure 9 shows 
t h a t   f o r   c o n s t a n t   v a l u e s   o f  k t he   we igh t   fo rm  f ac to r s  of  g r a v i t y -  
loaded   ax isymmetr ic   i sos tab i lo ids  become a minimum when Bo 
reaches  i t s  maximum possible   value  of   54.74 ' .  The g l o b a l  m i n i m u m  
o f   t he   we igh t   fo rm  f ac to r ,  f = 6.07 , i s  achieved  for   an  iso-  
s t a b i l o i d  dome wi th  a height-?o-semispan  ratio  zo/ro  of  approxi- 
mately 0 . 5 3 .  A view  of t h i s  "minimum w e i g h t "   i s o s t a b i l o i d  i s  
shown i n  F igu re  10 .  
I n  t h e  case o f  c y l i n d r i c a l  s t r u c t u r e s ,  on ly  va lues  of  
f o r  'a smaller than  54.74" are shown because f o r  l a r g e r  v a l u e s  t h e  f a c t o r ,  f T  i s  cons ide rab ly   l a rge r .   No te   t ha t   un l ike  
t h e  minimum of fo r  cons t an t  k -va lues  i s  not  a lways coupled 
w i t h  t h e  l a r g e s t  p o s s i b l e  f i l a m e n t  a n g l e  a t  t h e  r i m .  The g l o b a l  
minimum, f = 3.6 , however,  does  belong t o  a c o n f i g u r a t i o n  
Tmin 
wi th   an   angle ,   o f   54-74"   and  a zo/x of  0.6. 
f T  
f D  ' 
f T  
8 0  0 
Examination  of  Eqs. (13) and (14) shows t h a t   t h e   O p e r a t i v e  
p a r a m e t e r   f o r   m a t e r i a l   e f f i c i e n c y  is E / P ~  . 
Of p a r t i c u l a r  i n t e r e s t  i s  t h e  f a c t  t h a t  t h e  s t r u c t u r a l  mass 
is p r o p o r t i o n a l   t o   t h e   s p a c i n g  of t h e   f i l a m e n t s .   T h i s   i m p l i e s  
a we igh twise   advan tage   o f   f i ne ly   t ex tu red   s t ruc tu res .  However, 
a l i m i t  i s  provided by t h e  l o w e s t  o r d e r  f a i l u r e  mode of  genera l  
i n s t a b i l i t y .  
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DESIGN  LIMITATIONS 
Recall  t h e  i n t r i n s i c  a s s u m p t i o n s  o f  t h e  f o r e g o i n g  a n a l y t i c a l  
des ign   procedure ,  i .e. ,  
- The i n s t a b i l i t y  f a i l u r e  t a k e s  p l a c e  i n  t h e  f u l l y  l i n e a r ,  
e las t ic  range,   and 
- The i n s t a b i l i t y  f a i l u r e  mode o f  t h e  s t r u c t u r e  w h i c h  
c h a r a c t e r i z e s  t h e  d e s i g n  c o n s i s t s  o f  n o d e s  a t  each  f i l amen t  
i n t e r s e c t i o n .  
Hence, f o r  t h e  p r o c e d u r e  t o  y i e l d  a v a l i d  d e s i g n  it is necessary  
t h a t  
- The stress a t  ul t imate  loading must  remain a t  o r  below the 
p r o p o r t i o n a l  l i m i t  of t h e  s t r u c t u r a l  material ,  and a t   o r  
b e l o w  t h e  l o c a l  c r i p p l i n g  stress o f  t h e  s t r u c t u r a l  s e c t i o n  
employed,  and 
- N o  " g e n e r a l "  i n s t a b i l i t y  f a i l u r e  modes occur  a t  l oad ing  
l e v e l s  below t h a t  wh ich  co r re sponds  to  the  pos tu l a t ed  des ign  
f a i l u r e  mode. 
The  two d e s i g n  l i m i t a t i o n s  r e s u l t i n g  f r o m  t h e s e  r e q u i r e m e n t s  w i l l  
be d iscussed  separa te ly  be low.  
Stress L i m i t s  
The stress l i m i t a t i o n  of i s o s t a b i l o i d  d e s i g n  is s u b j e c t  t o  
r i g o r o u s  a n a l y s i s .  I t  can  be shown t h a t  t h e  maximum stress i s  
reached a t  t h e  r i m .  Using Eqs. ( 2 )  and (11) , and ( 2 )  and ( 1 2 )  
y i e l d s  f o r  domes: 
CJ 0 = p g r o f D  
D 
and f o r  t u n n e l s  
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with the non-dimensional  parameters 
s i n  Bo 2 - - 
f T  - - X 
0 
- 
The f u n c t i o n s  f D  and f T  are stress fo rm  f ac to r s   because  
- 
they  depend,   again,   on  the-configurat ion  a lone.  They are  p l o t t e d  
i n   F i g u r e  11. Note t h a t  is p r e s e n t e d  o n l y  f o r  v a l u e s  o f  
P sma l l e r   t han  54.74'  because, as i n   t h e  case of the  weight   form 
f T  
a 
f a c t o r ,  f o r  B l a rger   than   54 .74"  a s sumes  cons ide rab ly  
- 
f T  a 
h ighe r  va lues .  
- 
N o  d i s t i n c t  g l o b a l  minimum f o r  f D   a n d   f T   a p p e a r s   i n  
- 
F i g u r e  11. Indeed,  a c lose r   examina t ion  shows t h a t   f o r   d e c r e a s i n g  
parameter  va lues  of 
va lues   t he   co r re spond ing  minima of  f approach a va lue   o f  1 . 5  
a t  z /ro o r  z /xo equal   to   0 .75 .   But ,  a s  it may be checked 
i n  t h e  d e s i g n  c h a r t s ,  F i g u r e s  3 and 6,  i n  t h e  same p r o c e s s  t h e  
f i l a m e n t   a n g l e   a t   t h e  r i m ,  Bo , becomes very small and t h e  
c o r r e s p o n d i n g  i s o s t a b i l o i d s  t h e o r e t i c a l l y  d e g e n e r a t e  i n t o  domes 
w i t h  p l a n e ,  n o n - i n t e r s e c t i n g  r a d i a l  m e m b e r s  a n d  i n t o  t u n n e l s  
c o n s i s t i n g  o f  p l a n e  a r c h e s  p e r p e n d i c u l a r  t o  t h e  t u n n e l  axis .  
I n  a d d i t i o n ,  F i g u r e  9 shows t remendously increasing weight  form 
f a c t o r s   f o r   t h e   c o r r e s p o n d i n g   c o n f i g u r a t i o n s .   C o n s e q u e n t l y ,   i n  
cases where the stress l i m i t  r e a l l y  m i g h t  be reached,  a compro- 
mise between weight and stress c o n s i d e r a t i o n  h a s  t o  be sought .  
- 
Ro O r  X. a s  - w e l l  as  f o r   i n c r e a s i n g  k- 
0 0 
A look a t   t h e  stress equa t ions  p rov ides  an  idea  when t h e  
stress becomes p e r t i n e n t :   t h e   s e m i s p a n   o f   i s o s t a b i l o i d   s t r u c t u r e s  
w i l l  be stress l i m i t e d  a t  
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" . . 
and 
0 
X 
- max 1 - "
0 max Pg - f T  
(5 
N o t e   t h a t  - max i s  t h e  s p e c i f i c  w o r k i n g  stress, and t h a t  l/f 
P4 
assumes a va lue   o f  2/3 or  less. Hence, t h e  l a r g e s t ,  stress 
l i m i t e d  s t r u c t u r e  w i l l  have a span of approximately 4/3 times 
t h e  s p e c i f i c  w o r k i n g  stress. 
For  example ,  an  ear th  based  aluminum c o n s t r u c t i o n  
( 'ear t h  
l e v e l  o f  10 ,000  p s i  would y i e l d  a span of  130,000 i n .  o r  
approximately two miles! On t h e  moon s u r f a c e   ( p g  = 0.0165 
l b / i n .  ) a s imilar  s t r u c t u r e  would be stress l i m i t e d  a t  a span 
of   a lmost  13 miles. Even w i t h   o n l y  h a l f  t h e   v a l u e s   o f  1E , 
a s s u r i n g  w e i g h t  f o r m  f a c t o r s  close t o  t h e  g l o b a l  minimum, t h e  
stress l i m i t e d  s t r u c t u r e s  assume enormous p ropor t ions .  
= 0 . 1  l b / i n .  3 ,  o p e r a t i n g  a t  a maximum s a f e  stress 
3 moon 
G e n e r a l  I n s t a b i l i t y  L i m i t s  
F o r  t h e  c y l i n d r i c a l  s t r u c t u r e ,  it i s  e v i d e n t  t h a t  t h e  l o w e s t  
i n s t a b i l i t y  mode w i l l  t end  to  have nodes only a t  t h e  f o u n d a t i o n s  
and a t  t he   apex .   Thus ,   t he   on ly   " i sos t ab i lo id"  would be t h e  
ex t remely  degenera te  case w h e r e  t h e  f i l a m e n t s  d o  n o t  i n t e r s e c t  
a t  l o c a t i o n s  o t h e r  t h a n  a t  t h e  a p e x ;  a u x i l i a r y  b r a c e s  w i l l  be 
r e q u i r e d   t o   p r e v e n t   p r e m a t u r e   g e n e r a l   i n s t a b i l i t y   f a i l u r e .   S i n c e  
t h e  d e a d  w e i g h t  l o a d i n g  a s s o c i a t e d  w i t h  t h e s e  braces has  not  been  
c o n s i d e r e d  i n  t h e  a n a l y s i s ,  t h e  d e s i g n  p r o c e d u r e  w i l l  a t  best 
y i e l d  a f i r s t  approximation to t h e  desired optimum s t r u c t u r e .  
For domes, t h e   s i t u a t i o n  is more  complex. L e t  n be t h e  
number of rod  sec t ions  con ta ined  in  each  f i l amen t  be tween  apex  
and r i m .  Then fo r  a s t r u c t u r e   w i t h  2n f i l a m e n t s ,   t h e  number 
o f  u n r e s t r a i n e d  f i l a m e n t  i n t e r s e c t i o n s  is 
- 
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I 
N = n ( n - 1 ) + 1  
- 
The e l a s t i c  p r o p e r t i e s  o f  t h e  s t r u c t u r e  thus can be expressed by 
a s t i f f n e s s   m a t r i x   o f   o r d e r  3N o r  6N , depending  on  the  nature  
o f   r o t a t i o n a l   c o n s t r a i n t s   a t   t h e   i n t e r s e c t i o n s .   E i g e n v e c t o r  
e x t r a c t i o n  y i e l d s  t h e  b u c k l i n g  modes fo r  t he  co r re spond ing  3N 
( o r  6N ) c r i t i c a l   l o a d s .  The associated  computat ional   problem 
f o r  any b u t  t h e  s i m p l e s t  s t r u c t u r e s  is enormous  and a r igo rous  
paramet r ic   t rea tment  i s  beyond t h e   s c o p e   o f   t h i s   s t u d y .  However, 
one s impler  way to  de te rmine  approximate ly  the  condi t ions  under  
wh ich  gene ra l  f a i lu re  occur s  i s  explored  in  the  appendix .  
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APPLICATIONS 
Two sample  des igns  a re  g iven  t o  d e m o n s t r a t e  t h e  a p p l i c a t i o n s  
o f  t h e  i s o s t a b i l o i d  d e s i g n  p r o c e d u r e .  
C o n s i d e r  e a r t h  b a s e d  i s o s t a b i l o i d  domes. One dome s h a l l  h a v e  
t h e  o p t i m a l  p r o p o r t i o n s  f o r  minimum s t r u c t u r a l  w e i g h t ,  shown i n  
F i g u r e  10 ,  t h e  o t h e r  s h a l l  be a des ign  cha rac t e r i zed  by  a low 
stress f o r m  f a c t o r  a n d  t h e  same he ight - to-semispan  ra t io  as  t h e  
minimum weight  dome. I ts  c o n f i g u r a t i o n  is, shown i n  F i g u r e  1 2 .  
Both domes s h a l l  be c o n s t r u c t e d  from aluminum a l l o y  t u b i n g .  An 
u l t i m a t e  d e s i g n  f a c t o r  o f  4 s h a l l  be a p p l i e d  t o  t h e  g r a v i t y  
l o a d i n g ,  a n d  t h e  d e s i g n  s h a l l  be ba lanced  to  p roduce  loca l  c r ip -  
p l i n g  of t h e  t u b i n g  a t  t h e  m a t e r i a l s  p r o p o r t i o n a l  l i m i t ,  U 
i n  t h e  mos t  s eve re ly  s t r e s sed  r i m  members. A t  t h e  same l i m i t  
stress, Eu le r   buck l ing   o f  a l l  members is t o  o c c u r .  The s i z e  
and d e t a i l  c o n s t r u c t i o n  o f  domes m e e t i n g  t h e s e  c o n d i t i o n s  s h a l l  
be determined. 
P '  
The per t inent  non-dimensional  parameters  are  tabulated below: 
TABLE I 
Minimum Weight  Configuration  Low-Stress-Factor 
Conf igu ra t ion  
R 
0 
0.59  0.39 
zO 
0.31 0.20 
54.7" 18.3O B 
0 
a 
0 
f D  
47.1" 42.3" 
6.07 
3 . 2 1  
20.2 
1.68 
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The m a t e r i a l s  p r o p e r t i e s  a r e  assumed t o  be 
E = 1 0  p s i  7 
pgE 
= 0.101 l b / i n .  3 
a = 40,000 p s i  
P 
To meet t h e  r e q u i r e d  d e s i g n  f a c t o r  o f  4, t h e  maximum per -  
missible working stress under  s imple  grav i ty  load  i s  
B = 10 ,000  p s i  
0 
The s i z e  o f  t h e  dome i s  now determined  by Eq .  ( 1 7 )  
CY 
0 r =  
0 
pgE f D  
- 
T h i s  y i e l d s  
r = 2 , 5 7 0  f t  f o r  t h e  minimum we igh t   con f igu ra t ion ,  and 
r = 4,890 f t   f o r   t h e   l o w - s t r e s s - f a c t o r   c o n f i g u r a t i o n .  
The diameter ,  D , and w a l l  t h i ckness ,  t , of t h e   t u b i n g  is 
chosen  such  tha t  l oca l  c r ipp l ing  o f  t he  wa l l  w i l l  occur  a t   t h e  
p r o p o r t i o n a l  l i m i t .  Hence,  from  Reference 3: 
0 
0 
0 = o  = 0.4 E t / D  = 40 ,000  p s i  
cr  P 
o r  
and 
t / D  = 0.01 
""- 
Kf - 
I 
2 8mt 
- - 3.98 
A 
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The s t r u c t u r e  s h a l l  be b u i l t  s u c h  t h a t  its m e m b e r s  w i l l  
buck le  a t  a l o a d  e q u a l  t o  4 times tha t  wh ich  is produced by i t s  
own g rav i ty .   Equa t ion   (5 )   can  be r e w r i t t e n  t o  y i e l d  t h e  d i a m e t e r  
of t h e  s t r u c t u r a l  t u b i n g  w h i c h  w i l l  s a t i s f y  t h i s  c o n d i t i o n :  
. 3  2 r 0 4(P9)  
" - I / A  = - 
8 R CEn 2 
0 
and,  assuming C = 1: 
D = -  6750 f o r   t h e  minimum weight   conf igura t ion ,   and  
n 
D = -  3 3 6 0 0  f o r   t h e   l o w - s t r e s s - f a c t o r   c o n f i g u r a t i o n .  
n 
T h e  w e i g h t  o f  t h e  s t r u c t u r e  is found from Eq .  (13), 
which can be r e w r i t t e n ,  b y  s u b s t i t u t i n g  
2n r 
g =  4 g E ,  and s = -  
0 
0 n 
which  y ie lds :  
4 2 
2 8 I" ( W E )  fD w = mgE ro n = 0 n C E K f  
o r  
10 
w =  x lo lb  f o r   t h e  minimum weight   conf igura t ion ,   and  n 
10 47.9 x 10 lb w =  n f o r  t h e  l o w - s t r e s s - f a c t o r  c o n f i g u r a t i o n .  
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Table  I1 and I11 below summar ize  the  proper t ies  of  i sos ta -  
b i l o i d  domes f o r  v a r i o u s   v a l u e s  of n , 
TABLE I1 
MINIMUM WEIGHT CONFIGURATION 
n 
D ( i n . )  
t ( i n . )  
W ( l o 6  l b )  
n 
D ( i n . )  
t ( i n . )  
W (10 lb)  
9 
Moon S t r u c t u r e :  
36  72 100 250 
187.5  93.75  67.5 27 
1.875 0.9375 0.675 0.27 
313.5 157 113 45.2 
TABLE I11 
LOW-STRESS-FACTOR 
24 36 60 
1400  937.5 560 
14  9.375  5.6 
20 13.3  7.98 
CONFIGURATION 
500 1000 
13.5 6.75 
0.135 0.0675 
22.6 11.3 
100  180 360  720 
336 1 8 7  93.75  46.9 
3.36 1 . 8 7  0.9375  0.47 
4.79  2 661.33  0 5 
F u t u r e  b a s e s  l o c a t e d  o n  t h e  s u r f a c e  o f  t h e  moon w i l l  r e q u i r e  
s h e l t e r s   f o r   p e r s o n n e l ,   m a t e r i a l  and  equipment. An i s o s t a b i l o i d  
dome may be employed a s  a s c a f f o l d  i n  t h e  i n i t i a l  p h a s e  of t h e  
c o n s t r u c t i o n  of s u c h  s h e l t e r s .  S i n c e  t h e  s t r u c t u r e  w i l l  be 
t r a n s p o r t e d  f r o m  t h e  s u r f a c e  o f  t h e  e a r t h ,  minimum weight and 
s t o r a g e  volume w i l l  be r equ i r ed .  
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A s  an  example o f  such  a s t r u c t u r e ,  c o n s i d e r  a "minimum weight"  
i s o s t a b i l o i d  dome w i t h  a d iameter  of 333 fee t  (ro = 2000") and 
apex  he igh t  of 88 feet .  It  is t o  be des igned  wi th  a l o a d  f a c t o r  
o f  3 for  o p e r a t i o n  i n  t h e  moons g r a v i t a t i o n a l  f i e l d  o f  1 / 6  gE , 
and t h e  dome is t o  be made f r o m  f l a t t e n a b l e  a n d  coi lable  
"Sintes-Tubes"  (Ref.  5) . 
The c r o s s  s e c t i o n  o f  t h i s  t y p e  o f  s t r u c t u r a l  m e m b e r  is shown 
i n  F i g u r e  13. As material  o f  c o n s t r u c t i o n  17-7 PH S t a i n l e s s  
Steel  is s e l e c t e d  w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :  
The maximum working stress a t  t h e  r i m  is given by Eq. (15)  
300 p s i  
T h i s  s t r u c t u r e  w i l l  obv ious ly  no t  be  stress l i m i t e d .  
The w a l l  t h i c k n e s s / c o n v o l u t e  d i a m e t e r  r a t i o  of t h e  s t r u c t u r a l  
t ubes ,  t / d  , is d e t e r m i n e d   b y   t h e   c o n d i t i o n   f o r   f l a t t e n i n g :  
Allowing a maximum s t r a i n  o f  .33% d u r i n g  t h e  f l a t t e n i n g  p r o c e s s  
r e q u i r e s  d / t  = 300  and y i e l d s  a s t i f f n e s s   f o r m   f a c t o r  K = 15.6. 
The ( e a r t h )   w e i g h t   o f   t h e  s t r u c t u r e  i s  der ived  f rom E q .  ( 1 3 )  
f 
4 2 
2 ( p g E )  4360 lb 
0 mgE = n C E K f  WE = r 
0 
"- 
n 
and  the  c ros s  sec t iona l  d imens ion  o f  t he  tub ing  (see Fig.  13)  
become 
49.8 
dl - 
" i n .  45.3 0.0798 n d 2  - n 
" i n .  t = i n .  n 
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Reasonable s t r u c t u r a l  s e c t i o n s  a re  obta ined  by  choos ing  
n = 72 . The s t r u c t u r a l  p r o p e r t i e s  a n d  d i m e n s i o n s  f o r  t h i s  
des ign  are  g iven  i n  Tab le  I V  below: 
TABLE I V  
333 FT DIAMETER MOON DOME STRUCTURE, n = 7 2  
Design Factor  
Weight ( l b m )  
dl ( i n . )  
d2 ( i n . )  
t ( m i l s )  
28 
3 
60.5  
0.69 
0.63 
1.1 
CONCLUDING REMARKS 
A m a t h e m a t i c a l  f o r m u l a t i o n  s u i t a b l e  f o r  a n a l y t i c a l  d e s i g n  
of s t r u c t u r a l  n e t w o r k s  w i t h  u n i f o r m  loca l  i n s t a b i l i t y  m a r g i n s  
h a s  y i e l d e d  s o l u t i o n s  f o r  specific,  i d e a l i z e d  c a s e s  o f  simple, 
two-family  "axisymmetr ic"   and  "cyl indrical l l   networks.   Such 
s t r u c t u r a l  c o n f i g u r a t i o n s  may form the  basis  f o r  t h e  d e s i g n  l a y -  
o u t  o f  p rac t ica l  s t r u c t u r e s .  Not  considered w e r e  t h e  e f f e c t s  o f  
unavoidable  loca l  and  genera l  imperfec t ions  upon t h e  o p t i m a l  
c h o i c e  o f  d e s i g n  c o n f i g u r a t i o n s ,  a n d  t h e  e f f e c t  o f  m u l t i p l e  
l o a d i n g  c o n d i t i o n s .  I n  a d d i t i o n ,  o n l y  o n e  t y p e  o f  l o a d i n g  w a s  
t reated i n  d e t a i l ,  a n d  t h e  i n f l u e n c e  o f  g e n e r a l  i n s t a b i l i t y  
phenomena  was o n l y  s h o r t l y  d i s c u s s e d .  A f e r t i l e  f i e l d  f o r  f u r t h e r  
t h e o r e t i c a l  and  expe r imen ta l  s tud ie s  i s  i n d i c a t e d .  
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dP 
P ' a  
F i g u r e  1. I sos tab i lo ids  - Geometry  and  Forces of an  Element 
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I 
I 
I # 
I 
35 
-3 
-2.5 
- 2  
1.5 
0 s 
R e  
0:s 
F i g u r e  3 .  C o n f i g u r a t i o n   D e s i g n   C h a r t   f o r  Dome-Shaped I s o s t a b i l o i d s  
32 
Figure 4. Gravity-Loaded  Axisymmetric  Isostabiloids 
Meridians for = 54.74"; zo/ro = 1, 
2, and 3 60 
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F i g u r e  5. C y l i n d r i c a l   I s o s t a b i l o i d ,   G r a v i t y - L o a d e d  p a  = 3 0 ° ,  Bo = 54.74' 
3 
%o/x. 
2 
I 
C 
C 
F i g u r e  6. Conf igura t ion   Des ign   Char t   for   Tunnel -Shaped  
I s o s t a b i l o i d s  
( pa < 5 4 - 7 4 "  or b < 2/3) 
35 
6Sa \\ 
\ 
\ 
0. I 
Figure  7 .  Configurat ion  Design  Chart   for   Tunnel-  
Shaped I s o s t a b i l o i d s  
( @a > 54.74O o r  b > 2/3) 
36 
I 
0 0 . 5  
F i T u r e  8 .  Gravity-Loaded  Cylindrical  Isostabiloids 
Cross-sections for p = 54.74O z /x = 1; 
2, and 3 0 0 0  
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F i g u r e  11. A x i s y m m e t r i c   a n d   C y l i n d r i c a l   I s o s t a b i l o i d s  
Rim-Stress Form F a c t o r  
40 
a = 47.13' 
0 
Figure 12. Axisymmetric  Isostabiloid:  Side and Top Views  of 
Low-Stress Form Factor  Configuration for 
k = 2.475, = 18.1" (R = 0.3875) 
0 
zO'r13 
= 0.5283 
PO 
4 1  
I A = 4.89 t d 
Y 
3 
IX = I = 1.81 t d Y 
! 
t- 
Figure  13. Cross   Sect ion of  F la t t enab le ,   Co i l ab le   "S in t e s   Tube"  
f o r  Moon Dome ( I  = I ) 
X Y 
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APPENDIX 
GENERAL INSTABILITY OF DOME-SHAPED ISOSTABILOIDS 
The l o w e s t  g e n e r a l  i n s t a b i l i t y  mode of a dome-shaped i so -  
s t a b i l o i d  may be determined approximately by replacing the network 
s t r u c t u r e   w i t h   a n   " e q u i v a l e n t "   u n i f o r m   s h e l l  of revolu t ion .   Solu-  
t i o n s  t o  s h e l l  b u c k l i n g  p r o b l e m s  o f  t h i s  t y p e  are a v a i l a b l e  i n  t h e  
p u b l i s h e d  l i t e r a t u r e .  
For  a dome-shaped s h e l l  of uniform w a l l  t h i c k n e s s ,  ts , and 
s u b j e c t  t o  a x i a l  l o a d i n g ,  t h e  l o w e s t  i n s t a b i l i t y  f a i l u r e  mode 
seems t o  be inex tens iona l ,  acco rd ing  to  Refe rence  6 ,  and it w i l l  
g e n e r a l l y  e x h i b i t  m e r i d i o n a l  n o d e  l i n e s  (see i n s e t  of F igure  A - 1 ) .  
The  number of   node   l ines ,  q , depends, among o ther   parameters ,  on 
t h e  w a l l  t h i c k n e s s - t o - s e m i s p a n   r a t i o   o f   t h e   s h e l l ,  ts/ro . Fig-  
u r e  A-1, de r ived  from da ta  of  Reference  6 ,  shows t h i s  dependence 
f o r  t h e  p a r t i c u l a r  case of  a pa rabo lo ida l  dome wi th  a mer id iona l  
a n g l e   a t   t h e   s h e l l   r i m ,  a. , of 4 5 O .  
Now, by  de f in ing  an  "equ iva len t "  wa l l  t h i ckness  fo r  i sos t a -  
b i l o i d s  t h e  d a t a  o f  R e f e r e n c e  6 may be a p p l i e d  t o  t h e s e  g r i d w o r k  
s t r u c t u r e s  provided  the  mer id iona l  shapes  of t h e  s h e l l  and t h e  
i s o s t a b i l o i d  a r e  s i m i l a r .  
From inspec t ion  o f  t he  buck l ing  mode it a p p e a r s  t h a t  t h e  
b e n d i n g  s t i f f n e s s  i n  c i r c u m f e r e n t i a l  d i r e c t i o n  i s  the dominant 
e l a s t i c  s h e l l  p r o p e r t y  c o n t r o l l i n g  t h e  b u c k l i n g  mechanism.  While 
t h e  b e n d i n g  s t i f f n e s s  p e r  u n i t  t r a n s v e r s e  w i d t h  o f  t h e  i s o t r o p i c  
s h e l l  i s  uniform 
E t  
3 
E 1 4  = 
S 
12 (1-v ) 
2 
it v a r i e s  w i t h  l o c a t i o n  and d i r e c t i o n  f o r  a n  i n t e r c o n n e c t e d  g r i d -  
work of  rods ,  forming  an  i sos tab i lo id ,  and  becomes in  the  c i rcum-  
f e r e n t i a l  d i r e c t i o n  
EI ;  = E 1  - s i n  p (tang+-otg) n 3 w n r  E 1  
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E1 and GJ a r e   t h e   b e n d i n g   s t i f f n e s s   a n d   t h e   t o r s i o n a l  st iffness 
of a s i n g l e  s t r a i g h t  r o d .  
The e q u i v a l e n t   w a l l   t h i c k n e s s   o f   a n   i s o s t a b i l o i d ,  teq i s  
- 
now defined  by  combining  equat ions (A-1) and (A-2) and i n t e g r a t i n g  
o v e r  t h e  c o m p l e t e  s t r u c t u r e  t o  o b t a i n  a n  a v e r a g e  v a l u e  
r 
0 
-3 t = 1 2  (1-v2)  J I; d r  
eq rO 
U 
Using Eq. ( 5 )  t o  s u b s t i t u t e  ro t h e   e q u i v a l e n t   w a l l   t h i c k n e s s  is 
found i n  i t s  f i n a l  g e n e r a l  form as 
For  the  spec ia l  ca se  where  the  s t ruc tu ra l  members a r e  made 
from c i r c u l a r  t u b i n g  Eq. (A-3) r e d u c e s  t o  
2 1/3 RO 2 4 2 - =-( CE ) 3 1 2  npgI  A (1-v ) s i n  g + ( l - v )  s i n  B eq l-r R cos$  dR 
which,  using v = 0 .3  , y i e l d s  f o r  t h e  minimum we igh t   con f igu ra t ion  
2 2 1/3 
( teq )mw = 0.231 2 ( n w )  
R e f e r r i n g  t o  F i g u r e  A - 1 ,  it can now be p o s t u l a t e d  t h a t  i f  
q 2 2n t h e n  t h e  c o r r e s p o n d i n g  i s o s t a b i l o i d  w i l l  indeed f a i l  i n  
t h e  assumed  manner. I f  q <= n it may be s u s p e c t e d   t h a t   t h e  low- 
es t  i n s t a b i l i t y  mode o f  t he  co r re spond ing  i sos t ab i lo id  invo lves  
mot ions  o f  j o in t s  no rma l  to  the  su r face  and t h a t  t h e  i s o s t a b i l o i d  
des ign  w i l l  n o t  be v a l i d ,  u n l e s s  a d d i t i o n a l  c o n s t r a i n t s  ( s u c h  a s  
b r a c e s ,  s t a y  w i r e s ,  e tc . )  a r e  u s e d  t o  p r e v e n t  s u c h  f a i l u r e  modes. 
44 
The foregoing approximations must be used  wi th  cau t ion  s ince  
they  do not  account  for u n s y m m e t r i c a l  i n s t a b i l i t y  modes t h a t  may 
be caused by unavoidable  geometr ical  imperfect ions and by s i d e  
load  components ;  nor  do  they  account  for  fa i lure  modes t h a t  are 
a s s o c i a t e d  w i t h  t a n g e n t i a l  s t r a i n s .  
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F i g u r e  A-1. Number of Mer id iona l  Node Lines   for   Lowes t   Buckl ing  
Mode of P a r a b o l i c  D o m e  S h e l l  (Ref .  6 )  
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